THE PROBLEM OF ZERO DIVISORS IN CONVOLUTION 
ALGEBRAS OF SUPERSOLVABLE LIE GROUPS 
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Abstract. We prove a variant of the Titchmarsh convolution theorem for 
simply connected supcrsolvable Lie groups, namely we show that the convo- 
lution algebras of compactly supported continuous functions and compactly 
supported finite measures on such groups do not contain zero divisors. This 
can be also viewed as a topological version of the zero divisor conjecture of 
Kaplansky. 



1. Introduction 

The Titchmarsh convolution theorem asserts that if /, g G i 1 (R) vanish on 
(—00, 0), and / * g(x) = for x < T, then there exist real numbers a and j3, such 
that a + ft = T, and the functions / and g vanish on [0,a] and [0,/3] respectively. 
Existence of numerous proofs of this theorem in the literature ( [TJ [H [3J [5] HI EH E3] ) 
hints at its significance. One of its corollaries states that the convolution algebra 
M. C {M.) of compactly supported finite complex measures on K has no zero divisors. 
It can be proved directly, by noticing that the holomorphic Fourier transform defines 
an injective homomorphism of A4 C (M.) into H(C), the algebra of entire functions 
on C with pointwisc multiplication. Unlike the original theorem, which can not be 
neatly adapted to a more general context of topological groups, the formulation 
of this corollary makes sense for any such group. In |14) it was proved for locally 
compact abelian groups without nontrivial compact subgroups. 

On the other hand, the Kaplansky zero divisor conjecture states that the group 
algebra K[G] of a discrete torsion-free group G over a field K has no zero divi- 
sors. In the book [T2] the proofs of this conjecture in the cases of right-orderable, 
supersolvable, and polycyclic-by-finite groups are presented. 

A topological analogue of a torsion-free group is a compact-free group, i.e. 
a group without nontrivial compact subgroups. In view of the aforementioned 
results, it seems reasonable to state the following topological zero divisor problem: 

Problem. Let G be a compact-free topological group. Is it true that the convolu- 
tion algebra A4 C (G) contains no zero divisors? 

Since the group algebra C[G] of G, viewed as a discrete group, naturally embeds 
into A4 C (G), an affirmative answer to this problem implies that G satisfies the 
original Kaplansky zero divisor conjecture for fields of characteristic 0. 

A general compact-free Lie group is of the form R x SL2(M.) n , where R is simply 
connected and solvable, and is the universal cover of ([H], Theorem 

3.2). We may thus break the original problem into the following three questions: 
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Question 1. Let G be a simply connected solvable Lie group. Can M C {G) contain 
zero divisors? 

Question 2. Does A4 C (SL2(M)) contain zero divisors? 

Question 3. Let G\ and Gi be Lie groups such that M. c [Gi) contain no zero 
divisors. Can M. C (G\ x G2) contain zero divisors? 

Negative answers to all three of them would yield a positive solution to the 
topological zero divisor problem for all Lie groups. Actually, since any linear sub- 
space of a Lie algebra containing its commutant is an ideal, a solvable Lie algebra 
decomposes as a direct sum of a codimension 1 ideal and a 1-dimensional subalge- 
bra. This gives a decomposition of the corresponding Lie group into a semidirect 
product, hence negative answers to questions 2 and 3 would be sufficient. 

In this short paper we try to attack the first of the questions above. We show 
the following: 

Main Theorem. Let G be a connected, simply connected, supersolvable Lie group. 
Then Ai c (G) has no zero divisors. 

Our proof relies on some properties of holomorphic functions of one variable. For 
solvable, but not supersolvable Lie groups, we would have to consider holomorphic 
functions of several variables, in which case the proof would break. 

It is worth mentioning that the proof of the Kaplansky conjecture in the poly- 
cyclic-by-finite situation required completely different methods than the supersolv- 
able case (and supersolvable Lie groups are somewhat analogous to supersolvable 
discrete groups). This may lead to the supposition that also in the topological zero 
divisor problem a different approach is required to deal with non-supersolvable Lie 
groups. 

We also remark that there is a variant of the Kaplansky conjecture in charac- 
teristic 0, known as the Linnell conjecture ([6j[7]), which states that for a discrete, 
torsion- free group G and nonzero functions / £ C[G] and g £ i 2 (G) the convolu- 
tion / * g is nonzero. In |8J it was shown that the topological counterpart of this 
conjecture, with / £ C C (G) and g £ L 2 (G), fails for every nonabelian connected 
nilpotent Lie group. 

A special case of the Main Theorem, with G being the Heisenberg group H n , 
was proved and used in [4] to show that some natural representations of the group 
of contactomorphisms of an arbitrary contact manifold are irreducible. We are 
currently working on generalizing these results, so that the full power of the Main 
Theorem could be utilized. 

The paper is organized as follows. In Section [2] we discuss the convolution alge- 
bras associated to a locally compact group. In Section |3] we show that if A4 C (G) 
has no zero divisors, then this property passes to all extensions of G by K. Finally, 
in Section |4] the solution of the zero divisor problem for connected supersolvable 
Lie groups is presented. 

The author wishes to thank Jan Dymara, Jacques Faraut, Pawel Glowacki, Jean 
Ludwig, and the anonymous referee for their helpful comments. 

2. Convolution algebras of locally compact groups 

Let G be a topological group. Denote by M C (G) the set of all compactly sup- 
ported finite complex Borel measures on G. The convolution fx * v of measures 
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/U, v € M C (G) is the measure denned by the condition 

(1) / f(x) d(ji * v)(x) = [[ f(xy) M*)MV)- 



It is again compactly supported and finite, hence the operation of convolution turns 
M C (G) into an associative algebra. A continuous group homomorphism q: G H 
defines a pushforward map q* : M C (G) — > M. C (H), given by q*n(A) = fj,(q~ 1 (A)). 
It is a homomorphism of algebras. 

Suppose that K < G is a nontrivial compact subgroup. There exists 1 ^ a £ A', 
and we have (Si — S a ) * \k = 0, where 5 X is the Dirac measure supported on x, 
and Xk is the Haar measure on K. Since the inclusion of K into G is a continuous 
homomorphism, M C (G) has zero divisors. Hence the condition of being compact- 
free is necessary for Ai c (G) to contain no zero divisors. 

From now on, suppose that G is locally compact. We may thus fix a left Haar 
measure A = Xq on G. The modular function Aq '■ G — > M. + is then defined 
by (Rx)*X = Ac(x)dX, where R x : G — ► G is the right translation by x. The 
space C C (G) of compactly supported continuous complex- valued functions on G 
with convolution 

(2) /*$(*) = / f{y)g{y- 1 x)dX{y) 

is also an algebra. It is embedded in A4 C (G) through the homomorphism / h-> fdX. 
We will identify C C (G) with a subalgebra of Ai c (G) through this embedding. 

Lemma 1. The following conditions are equivalent: 

(1) M C (G) has no zero divisors, 

(2) C C (G) has no zero divisors. 

Proof. Suppose that M C {G) are nonzero, and n*v — 0. For any /, g e C C (G) 

we then have 

(3) =0. 

But / * /i e C C (G), namely 

(4) - / f{xy- l )A G {y)dii{y). 



Notice, that the assignment /(?/) i-> /(y 1 )Ag(j/) is a bijection of C C (G) with itself. 
In particular, if we set x = e in equation (j4]), we may choose / in such a way that 

Similarly, v * g e C C (G), and we may choose <? so that v * g ^ 0. We therefore 
obtain a pair of zero divisors in C C (G). The other implication is obvious. □ 

If N is a closed normal subgroup of G, and q: G — ► G/iV is the quotient map, 
then the measure pushforward map g* sends the subalgebra C C (G) into C C (G/N). 
It is defined in this case by the formula 

(5) qJ(xN) = [ f{xn)dX N {n). 

J N 
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3. Extensions by R 

Consider an extension 1 — > A — > G — —> Q — > 1 of Lie groups, such that 
A = R. Choose a fixed identification of A with R. Denote by ip + and -0- the 
indicator functions of intervals [0, oo) and (— oo, 0] in A, respectively. Now define 
operations 7+ and 7_ on C C (G) by 



(6) 7±(/)(s) = / f(xa- l )i>±{a)da, 

J A 

In general they do not preserve compact supports, however we have the following. 



Lemma 2. Suppose that f £ C C {G) satisfies q*f = 0. Then the functions 7±(/) 
are also in C C (G). 

Proof. Denote by K the support of /. Then 7+(/) vanishes outside KA. Take 
x £ G such that j + (f)(x) ^ and write x — ka, where k £ K, and a £ A. By 
definition of 7+(/), there exists b £ [0, 00) such that f(kab^ 1 ) ^ 0, i.e. kab^ 1 £ K. 
We thus obtain a — b £ K~ X K fli C [—D,D], where D > is a positive real 
number. Since b > 0, we get a > — D, hence 7+(/) is supported in K ■ [-D, 00). By 
a similar argument applied to 7_, we infer that "/-(f) is supported in K ■ (— 00, D]. 
But 

(7) 7+(/)(a0+7-(/)(*)= / /(xa- 1 )da-^/M)=0, 

Ja 

which implies that in fact both 7+(/) and 7-(/) have supports in if • [— -D, -D], 
which is compact. □ 

For / £ C C (G) and x £ G define x f : A — > C by ^/(a) = f(xa). These functions 
are compactly supported on A, and thus their Fourier transforms are holomorphic. 
We have 

(8) xl+ {f)(b)= ( x f{ba- l )iP + {a)da= f x f(t)dt, 



J A J — 00 

hence x f = (xj+if))'- If Q*f = 0, then, by Lemma [2] the Fourier transform of 
x7+(/) is defined and the following identity is satisfied: 

(9) (,/) A (x)=^(.7+(/)) A (x). 
Also, note that 

(10) (./) A (0)= / f(xa)da = q,f(xA). 

J A 

Proposition 3. Consider an extension 1 — > A — > G — —> Q — > 1 of Lie groups 
such that A = R. If C C {Q) has no zero divisors, then neither has C C (G). 

Proof. Assume to the contrary that there exist nonzero f,g £ C C (G) such that 
f * g = 0. Suppose first, that q*g = 0. By (fTU)) , this means that every Fourier 
transform ( x g) A has a zero of order n x > at \ — 0. At least one x g is nonzero, so 
at least one n x is finite. Let n(g) — mm x n x . By Lemma[5]and equation (j^]), each of 
the functions 7+ (<?), where k = 1, . . . , n(g), is compactly supported, and ^(7+ (5)) = 
n(g) — k. Therefore 9*7™'^ (.9) is nonzero. Furthermore, it is straightforward to see 

that 7+(/ * g) = f * 7+(ff), hence g — 7+' 9 ' ) (.g) is a new zero divisor, such that 
f * g = and q*g ^ 0. 
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For an arbitrary locally compact group H we may define an involution on C C (H) 
by /* = Ah (x)f(x^ 1 ). It satisfies f**g* = (g* /)*, and commutes with homo- 
morphisms induced by quotient maps. In particular, we have <?**/* = (/ * g)* = 0, 
and q*(g*) = (q*g)* ^ 0. We may proceed as before to replace /* with / such that 
q*f 7^ 0, and g* * f — 0. This leads to a contradiction, since is a homomorphism, 
so q*f and q*(g*) are nontrivial zero divisors in C C (Q). □ 

4. SUPERSOLVABLE LlE GROUPS 

A real Lie algebra g is said to be supersolvable (also completely solvable or 
triangular), if it contains a complete flag of ideals, i.e. a chain go < fli < • ■ • < 3d = 
of ideals of g such that dimfj; = i. Such an algebra is solvable and exponential 
(see e.g. [llj . Theorem 6.4). A Lie group G is supersolvable if its Lie algebra is 
supersolvable. 

Supersolvability is a property which interpolates between solvability and nilpo- 
tency. Obviously, any nilpotent Lie algebra is supersolvable, as its lower central 
series can be refined to obtain a complete flag of ideals. The simplest example of a 
Lie group which is supersolvable, but not nilpotent, is the group ll ax + b" of affinc 
transformations of the real line. Its Lie algebra g is spanned by two vectors X, Y 
such that [X, Y] = Y, and < M.Y < g is a complete flag of ideals. 

Supersolvability is also strictly stronger than solvability. The simplest example 
of a solvable Lie group which is not supersolvable is the group Isom(]R 2 ) of affinc 
isometries of the Euclidean plane. Its Lie algebra is spanned by three vectors 
X, y, Z such that [X, Y] = 0, [Z, X] =Y and [Z, Y] = -X. It does not contain a 
I-dimensional ideal, and therefore does not admit a complete flag of ideals. 

Lemma 4. Let G be a connected supersolvable Lie group. Then G is compact-free 
if and only if it is simply connected. 

Proof. Let G be simply connected. Its exponential map exp : g — > G is then a dif- 
feomorphism. Suppose that K < G is a nontrivial compact subgroup, and let 
1 7^ k € K. There exists O^Ieg such that k = expX. Since K is compact, the 
sequence expnX has an accumulation point, which is a contradiction, because the 
sequence nX has no accumulation points in g. 

Now, if G is not simply connected, then it is a quotient of its universal cover G 
by a discrete normal subgroup H. If 1 ^ h € H, then, since G is exponential, there 
exists a one-parameter subgroup of G containing h. It projects onto a compact 
one-parameter subgroup of G. □ 

Lemma 5. The quotient of a connected, simply connected Lie group G by a con- 
nected normal subgroup N is simply connected. 

Proof. Since G is simply connected, the quotient homomorphism q: G — > G/N has 

a lift q to the universal cover G/N . It is surjective, because its image contains 

a neighborhood of 1, and G/N is connected. Furthermore, its kernel is a subgroup 
of N, and dim N = dimkerg. Since N is connected, we have keiq = N, hence G/N 
is isomorphic to its universal cover. □ 

The proof of the Main Theorem now becomes a mere formality: 

Proof of the Main Theorem. By Lemma[T]we may consider the convolution algebra 
C C (G) instead of M C (G). We proceed by induction on d = dimG. If d = I, 
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then G = K and C C (R) has no zero divisors. Now, suppose that d > 1. Let 
= go < fli < ••• < = g be a complete flag of ideals in the Lie algebra of 
G. The ideal gi corresponds to a closed normal subgroup A < G, isomorphic to 
R. The quotient G/A is supersolvable and simply connected by Lemma [5l and 
dimG/A < d. Hence C C (G/A) contains no zero divisors, and by Proposition |3l 
C C (G) also has no zero divisors. □ 

References 

[1] M. M. Crum. On the resultant of two functions. Quart. J. Math., Oxford Ser., 12:108-111, 
1941. 

[2] Raouf Doss. An elementary proof of Titchmarsh's convolution theorem. Proc. Araer. Math. 

Soc, 104(1):181-184, 1988. 
[3] Jacques Dufresnoy. Sur le produit de composition de deux fonctions. C. R. Acad. Sci. Paris, 

225:857-859, 1947. 

[4] L. Garncarek. Irreducibility of some representations of the groups of symplectomorphisms 

and contactomorphisms. ArXiv e-prints, June 2010. 
[5] Henry Helson. Harmonic analysis. Addison- Wesley Publishing Company Advanced Book 

Program, Reading, MA, 1983. 
[6] Peter A. Linnell. Zero divisors and group von Neumann algebras. Pacific Journal of Mathe- 
matics, 149(2):349-364, 1991. 
[7] Peter A. Linnell. Analytic versions of the zero divisor conjecture. In Geometry and cohomology 

in group theory (Durham, 1994), volume 252 of London Math. Soc. Lecture Note Ser., pages 

209-248. Cambridge Univ. Press, Cambridge, 1998. 
[8] Jean Ludwig, Christian Masse, and Carine Molitor-Braun. Le probleme des diviseurs de zero 

pour les groupes de Lie nilpotents. C. R. Math. Acad. Sci. Paris, 342(6):399-404, 2006. 
[9] J. G.-. Mikusinski. A new proof of Titchmarsh's theorem on convolution. Studia Math., 13:56- 

58, 1953. 

[10] Jan Mikusinski. Operational calculus. International Series of Monographs on Pure and Ap- 
plied Mathematics, Vol. 8. Pergamon Press, New York, 1959. 

[11] A.L. Onishchik and E.B. Vinberg. Lie groups and Lie algebras III: structure of Lie groups 
and Lie algebras. Encyclopaedia of mathematical sciences. Springer- Verlag, 1994. 

[12] Donald S. Passman. The algebraic structure of group rings. Pure and Applied Mathematics. 
Wiley-Interscience [John Wiley & Sons] , New York, 1977. 

[13] E. C. Titchmarsh. The zeros of certain integral functions. Proceedings of the London Mathe- 
matical Society, s2-25:283-302, 1926. 

[14] Benjamin Weiss. Titchmarshs convolution theorem on groups. Proceedings of the American 
Mathematical Society, 19(1):75- 79, 1968. 

University of Wroclaw, Institute of Mathematics, pl. Grunwaldzki 2/4, 50-384 Wroclaw, 
Poland 

E-mail address: Lukasz.Garncarek@math.uni.wroc.pl 



